Parametric Surfaces and X(PLORE)

D. P. Morstad, University of North Dakota

Objectives of Assgnment

To learn how to use X(PLORE) to plot parametricaly defined surfaces.
To learn how to parameterize ordinary functions of two variables.

To learn how to parameterize surfaces defined in cylindrical coordinates.
To learn how to parameterize surfaces defined in spherica coordinates.
To learn how to parameterize surfaces of revolution.
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Introduction to Parametrically Defined Surfaces

To parameterize a surface you need to understand two very smple, yet extremely
important, ideas. Firgt, every point on a surface has an x—coordinate, a y—coordinate, and a z
coordinate. Second, the x—coordinate is controlled by u and v, the y—coordinate is controlled
by u and v, and the z—coordinate is controlled by u and v.

When you are trying to parameterize a surface, dways ask yoursdlf, “How can | use u
and v to describe x?° Then ask, “How can | use u and v to describey?’ Findly, ask yoursdf,
“How can | useu and v to describe 277 Essentidly, you will have to find one function for each
coordinate.

Y ou will need to determine three functions x(u, v), y(u, v), and z(u, v). Onceyou
determine these, X(PLORE) will plot the surface for you.

. Simple Examples Based on Functions of Two Variables

Suppose you want to parameterize the surface f (X, y) = x? + y2. Each point of this
surface has an x coordinate, ay coordinate, and a z coordinate. The z coordinate depends on
bothx andy since z = X2 + y2, but the x and y coordinates are independent variables.

Example 1. Find a parameterization for the surface given by f (X, y) = x? + y?.

Since x and y are independent variables, just let x =uandy =v. Thatis, let

X(u,v) =u
y(u,v) = V.

32




Now finding a parameterization of zisjust amatter of usng subgitution. Simply
put uinfor x and v infory:

z=x"+y>, or
— 242
zZ=u"+v°, or

Z(u,v) = u? +v2.

A complete parameterization of  f (X, y) = x? + y? isgiven by:

x(u,v)=u
y(uv)=v
z(u,v) = u? +v2,

Thisisavery smple method of finding a parameterization for the graph of the function
of two variables, or for any equation of three variables which can be solved for one of the
variables.

To make X(PLORE) plot thisin light green, smply type and enter the following five
lines
Color(lightgreen)
X(u, v)=u
y(u, v)=v
Z(u, V)=u"2+Vv"2
Pa3(x(u, v), y(u, v), z(u, v), u= -2to 2, v= -210 2)

X(PLORE) is probably better than Mathematica for exploring parameterized surfaces
because it is easer to rotate the surfaces interactively. When the plotted surface is on the
screen, just pressfx]], fv, or 2] to rotate it.

To plot more surfaces, just change the definition lines of x, y, and z, which have dready
been typed in. Don't retype dl four of the important lines.

Example2. Find aparameterization for the planegivenby 3x -2y + z= 6.
To parameterize the plane 3x — 2y + z = 6, firg solve for z
Z=6-3x+ 2y,
and then use subgtitution as shown above

x(u,v) =u

y(uv)=v
z(u,v) =6- 3x+2y.
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In some cases, x and y might not be the independent variables. That's OK, just useu
and v for whichever variables can be independent and keep x, y and z in the same order as
beforein the Pa3 line.

Example3. Find aparameterization of the surfacegivenby x% +y- 72 - xz = 2.

To parameterize X2 + y- z°- xz=2, solvefor y ingtead of z. Then since

y=2- x? + 22 + xz, switch the roles of y and z when subdtituting:
x(u,v)=u
y(uv)=2- U2+ Vvr2+u*v
z(u,v) = V.

Plot thisfor -5£x£5 and 5£z£5.

IIl.  Parameterizing Surfaces Defined in Cylindrical Coordinates

Oftenyou cansmply letr = u, g = v, and then think of x asrcos(q) andy asran(g). A
smple example of thisis the cone defined by the equetion z=r.

Example 1. Parameterize and plot the conegivenby z=r.

Firg ask yoursdf, “What is the x coordinate, whet isthe y coordinate, and what is
the z coordinate?” The answers are straightforward if you let r =u and q = v:

X =rcog(q), SO X = ucos(V);

y=rdn(g), soy = usn(v); and
Z=1T, SO Z=U.

A parameterization of thisconeis:
X(u, v) = ucos(v)
y(u, v) = usn(v)

z(u,v)=u

Fot thiswith -3 £ z£ 3. (First determine what is u and what will itsbounds  haveto
be? Then determine what isv and what will its bounds have to be?)

Example2. Find aparameterization of the cylinder given by x% + y? = 9.

For this surface, there are no restrictionson z, but r isadways 3. Thismeanszis
independent and r isacongtant. Sincer iscongdantyoumust setr =3. That freesup
u. Sincez isindependent, set z= u. Therefore, a parameterization is.




X(u, v) = 3cos(v), y(u, v) =3d9n(v), z(u,Vv)=u.

V.  Parameterizing Surfaces Defined in Spherical Coordinates

Thisis somewhat Smilar to parameterizing surfaces defined with cylindrical coordinates,
but now you haveto think of X, y, and zintermsof r, g andj . You dso haveto figure out
how r, g andj can bereplaced, or substituted for, by u and v. Notice that you always end
up writing three varigbles in terms of two: No matter what the origind description is for the
surface, in the end, it's always parameterized by smply u and v.

Examplel.  Parameterize the bottom hdf of the sphere of radius 2 centered at the
origin.

Y ou will need to use the reationships.

x = rcos(qsn( ),
y=ran(qsin(j ),
z=rcos(j ).

But how do they tiein with u and v, and how do you get haf of a phere?
For thissphere, r = 2. gand ] are variables and independent, so u and v should be
used for gand j . Smple subdtitution then yidds the following parameterization:

X(u, v) = 2cos(u)an(v),
y(u, v) = 29n(u)sn(v),
Z(u, v) = 2cos(V).

The bottom hdf of the sphereiswhere % £j £p and 0£Q £ 2p. Setthe bounds
on u and v accordingly.

V. Parameterizing Surfaces of Revolution

To parameterize these surfaces you will have to sketch and visudize the revolution, and
aoply alittle bit of trigonometry. Two of the three variables x, y, and z will end up getting
multiplied by trig functions. 'Y ou will notice thet the variable which is not multiplied by atrig
function isthe variable whose axisis the center of the revolution. Figuring out why thisis so will
probably help you construct accurate parameterizations.

Examplel.  Find aparameterization of the surface generated by revolving the curve
y =x2, 0£ x £ 2, around the x—axis.

Firg sketch the curve in the x—y plane. Redly. Sketch it out right now or you will get
hopdedy log.
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Asthis curve is spinning around the x—axis, you once again have to ask yoursdf,

“Whét is the x—coordinate of each point on the surface, what is the y—coordinate,

and what is the z—coordinate?’ To figure this out, start with one point onthe  curve
and think of where it is after the curve has revolved through an angle of a. Looking at your
drawing, you should see that the y—coordinate changes asthe  point revolves around the x—
axis. Certainly the z—coordinate changes, too, because the curve moves out of the x—y plane
asit revolves. However, for that individua point, the x—coordinate does not change
during therevolution.  (Hmmm. .. What'sthe sense of having arevolution if things aren't
going to change?)

Since the x—coordinate does not depend on the angle of revolution, x is
independent of a. The y—coordinate depends on x (becausey = x?), andon a.
The z—coordinate acts alot like the y—coordinate (which won't make any sense
if you didn’t draw alittle sketch to follow aong).

For agiven point on the curve, both y and zdepend on x and a. Applying alittle
trigonometry, you can see that after revolving through an angle of a, y = xcos(a)
and z=xg9n(a). Now substitute u and v for the independent variablesx and a.

Thereaultis
X =X x(u, v) =u
y = x"2cos(a) or y(u, v) = u*2cos(v)
z=x"29n(a) Z(u, v) = u29n(v)

Try to think of the appropriate bounds for u and v and then plot the surface.

Although the previous example didn’t say anything about a in the statement of the
problem, you have to introduce a because each point of the surface isaresult of the curve
revolved through an angle.

Example2.  Find aparameterization of the surface generated by revolving the curve
y = x2, 0£ x £ 2, around the y—axis.

Now the y—coordinate will be independent of a. The x—coordinate and

z—coordinate will depend on a. Sincey isindependent of a, you might as
well solve for x to makeit the independent varigble:

x:+ﬁ with O£y £ J2.

Then:
x = [y cosa, x(u, v) = «/ucosv,
y=Y, or y(uv) =u,
z:\/ysina z(u, v) = Jusin(v).
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V1.  Practice Problems

1 Find a parameterization of the part of the plane 2x + y —3z=12 whichisin front
of or behind thefollowing pat of y—zplane 2£y£3 and 1£z£ 2.
Hint: usey and z asthe independent variables.

2. Find a parameterization of the part of the surface f(x, y) = x* + y* + 2whichis
above theright half of the dirdex® + y* = 4.
Hint: with al these circular shapes, consder switching to cylindrica coordinates.

3. Find a parameterization of the part of the surface f(x, y) = x* + y* + 2whichis
abovethecirdex? —x + y* = 0.
Hint: switching to cylindrica coordinates will not work here because both u and v
must be independent variables. Switching to cylindrical coordinates would force
theboundson uto be 0 £ u £ 2cos(v) which makes u dependent on v. Theonly
way of doing this problemisto first use atrandation of the x—axis o the circleis
centered at the origin. Then use cylindrical coordinates an the shifted axes. After
this is done, envision the axes shifted back to their original position.

4, Find aparamterization of the hyperboloid of one sheet given by the equation:
X? + 3y? — 27 = 4. Find the part which iswithin theregion =10 £ x, y, z £ 10.
Hint: If youlet x =0, you will get ahyperbolain the y—z plane. Then just revolve
one sde of the hyperbola around the gppropriate axis.

SOLUTIONS:
1. X(u,v) = (12—u+ 3v)/2 2. X(u, v) =ucos(v)
y(u.v)=u y(u,v) = usn(v)
z(u,v) = v, Z(u, V) = U* + 2,
with 2£uf£3 and 1£v<2 with O£u£2 and p/2Ev<p/2

3. Frglee X = x-1, Y=y, and Z =z totrandatethe axis.
Using substitution, the circle becomes X* + Y2 = 1, and the surface
becomesf(X, Y) = (X + 1)* + YA
X(u, V) = ucos(v)
Y(u ,v) = usn(v)
Z(u, v) = (ucos(v) + 1)* + (usn(v))* with O£u£3 and O£ v <2p.

4. After subgtituting X = 0 and solving for y, you get y = i%\/4+ 27° .

Why solvefor y instead of z? Revolve the positive haf around the z-axis. Why
the z-axis?

x(u,v) = %«/4+ 2u® sin(v)
y(u,v) = 14+ 2u% cos(v)

z(u,v) = u,
with <10£u £ 10 and O£V £ 2p.
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